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Abstract
For classical Neumann eigenvalue, buckling eigenvalue and clamped plate eigenvalue, we give the cor-
responding Rellich type identities. As an application of these results, then, we obtain a new necessary and
sufficient condition for a domain without the Pompeiu property.
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1. Introduction
Let Ω ⊂ Rn be a bounded domain with smooth boundary Γ , we are concerned with the
following classical eigenvalue problems:{
u + λu = 0 in Ω,
u = 0 on Γ, (1.1)⎧⎨
⎩
v + μv = 0 in Ω,
∂v
∂ν
= 0 on Γ, (1.2){
W + ΛW = 0 in Ω,
W = ∂W
∂ν
= 0 on Γ, (1.3)
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U − τU = 0 in Ω,
U = ∂U
∂ν
= 0 on Γ, (1.4)
where  denotes the Laplace operator,  = 2 denotes the biharmonic operator and ν the out-
ward normal to Γ . (1.1) is the Dirichlet problem; (1.2) is the Neumann problem; (1.3) is the buck-
ling problem and (1.4) is the clamped plate problem (see [2–6,9,10,21,23–25,28,33,34,37,38]).
In each of these problems there are infinitely many eigenvalues. We denote them by
0 < λ1 < λ2  λ3  · · · , (1.5)
0 = μ1 < μ2  μ3  · · · , (1.6)
0 < Λ1 Λ2 Λ3  · · · , (1.7)
and
0 < τ1  τ2  τ3  · · · . (1.8)
The corresponding eigenfunctions are expressed as u1, u2, u3, . . . , v1, v2, v3, . . . , W1,W2,
W3, . . . , and U1,U2,U3, . . . .
In 1940, F. Rellich [31] discovered a celebrated identity for the Dirichlet eigenvalue problem,
which says that if u is a Dirichlet eigenfunction on Ω corresponding to eigenvalue λ, then
λ =
∫
Γ
( ∂u
∂ν
)2 ∂(r
2)
∂ν
dS
4
∫
Ω
u2 dV
, (1.9)
where r2 = x21 + x22 + · · · + x2n , dV is the element of the n-dimensional volume in Ω , and dS is
the element of the (n − 1)-dimensional volume in Γ .
This identity plays a very important role in many contexts in the theory of partial dif-
ferential equations (see, for example, [4,12,17–20,22,23]). In particular, it shows that for a
bounded domain, the Dirichlet eigenvalue can be represented by boundary integration (by setting∫
Ω
u2 dV = 1). There are many extensions and applications for this identity (see [4,8,18,19,22,
26,27,29,30,36]).
In this paper, we shall give the corresponding identities for the Neumann eigenvalue, buckling
eigenvalue and clamped plate eigenvalue. As an application of these identities, then, we obtain a
new necessary and sufficient condition for a domain without the Pompeiu property.
2. Three basic identities
Let vk , Wk and Uk be the Neumann, the buckling and the clamped plate eigenfunctions cor-
responding to μk , Λk and τk , respectively. It is well known that
μ1 = 0 and v1 ≡ 1 on Ω¯,
μk =
∫
Ω
|∇vk|2 dV∫
Ω
v2k dV
= inf
φ∈C∞(Ω¯), ∂φ
∂ν
|Γ =0∫
Ω φvi dV=0 for 1ik−1
∫
Ω
|∇φ|2 dV∫
Ω
φ2 dV
, k = 2,3, . . . ,
Λ1 =
∫
Ω
|W1|2 dV∫
Ω
|∇W1|2 dV = infw∈C∞(Ω¯)
w= ∂w =0 onΓ
∫
Ω
|w|2 dV∫
Ω
|∇w|2 dV ,
∂ν
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∫
Ω
|Wk|2 dV∫
Ω
|∇Wk|2 dV = infw∈C∞(Ω¯),w= ∂w
∂ν
=0 onΓ∫
Ω ∇w·∇Wi dV=0 for 1ik−1
∫
Ω
|w|2 dV∫
Ω
|∇w|2 dV , k = 2,3, . . . ,
τ1 =
∫
Ω
|U1|2 dV∫
Ω
U21 dV
= inf
ψ∈C∞(Ω¯)
ψ= ∂ψ
∂ν
=0 onΓ
∫
Ω
|ψ |2 dV∫
Ω
ψ2 dV
,
τk =
∫
Ω
|Uk|2 dV∫
Ω
U2k dV
= inf
ψ∈C∞(Ω¯),ψ= ∂ψ
∂ν
=0 onΓ∫
Ω ψUi dV=0 for 1ik−1
∫
Ω
|ψ |2 dV∫
Ω
ψ2 dV
, k = 2,3, . . . .
Let us interpret that, for example, when dimension n = 2 the buckling eigenfunction W1
models the transverse deflection of a homogeneous thin plate Ω with clamped boundary that is
subjected to a uniform compressive stress or load on that boundary. We express the clamping im-
plicitly: roughly speaking, each function w ∈ C∞(Ω¯) vanishes on the boundary of Ω , as does its
normal derivative ∂w/∂ν. The critical buckling load of the plate is proportional (see [35]) to the
eigenvalue Λ1. When n = 2, we interpret the eigenfunction U1 physically as describing a trans-
verse mode of vibration of the homogeneous thin plate with clamped boundary. The principal
frequency of vibration of the plate is proportional (see [15, (1.5)]) to τ 1/21 .
Theorem 2.1. Let Ω ⊂ Rn be a bounded domain with smooth boundary Γ .
(i) If v is a Neumann eigenfunction corresponding to eigenvalue μ for Ω , then
μ =
∫
Γ
[|∇v|2 ∂(r2)
∂ν
]dS∫
Γ
v2 ∂(r
2)
∂ν
dS − 4 ∫
Ω
v2 dV
, (2.1)
or equivalently
μ =
∫
Γ
(|∇v|2 ∂(r2)
∂ν
) dS + 4 ∫
Ω
|∇v|2 dV∫
Γ
v2 ∂(r
2)
∂ν
dS
; (2.1′)
(ii) If W is an eigenfunction corresponding to eigenvalue Λ in the buckling problem for Ω , then
Λ =
∫
Γ
( ∂
2W
∂ν2
)2 ∂(r
2)
∂ν
dS
4
∫
Ω
|∇W |2 dV , (2.2)
where ∂2W
∂ν2
|p is the second-order exterior normal derivative of W at the point p ∈ Γ ;
(iii) If U is an eigenfunction corresponding to clamped plate eigenvalue τ for Ω , then
τ =
∫
Γ
( ∂
2U
∂ν2
)2 ∂(r
2)
∂ν
dS
8
∫
Ω
U2 dV
. (2.3)
Remark 2.2. In Theorem 2.1, by normalizing the corresponding eigenfunctions such that∫
Ω
v2 dV = ∫
Ω
|∇W |2 dV = ∫
Ω
U2 dV = 1, we get that
μ =
∫
Γ
(|∇v|2 ∂(r2)
∂ν
) dS∫
Γ
v2 ∂(r
2)
∂ν
dS − 4
, Λ = 1
4
∫ (
∂2W
∂ν2
)2
∂(r2)
∂ν
dS,Γ
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8
∫
Γ
(
∂2U
∂ν2
)2
∂(r2)
∂ν
dS.
In other words, these classical eigenvalues can be represented by boundary integrations.
Proof of Theorem 2.1. (i) For every x ∈ Γ , we let ν = ν(x) = (ν1, . . . , νn)(x) be the unit ex-
terior normal to the boundary Γ of Ω at x. Obviously, ( ∂x1
∂ν
, . . . , ∂xn
∂ν
)(x) = (ν1, . . . , νn)(x) for
each x ∈ Γ . It follows from [31, (2) of p. 636] that
∫
Ω
(v + μv)
(
n∑
k=1
xk
∂v
∂xk
)
dV
=
∫
Γ
[
n∑
i,k=1
xk
∂v
∂xi
∂v
∂xk
∂xi
∂ν
]
dS − 1
2
∫
Γ
[
n∑
i,k=1
xk
(
∂v
∂xi
)2
∂xk
∂ν
]
dS
+ 1
2
μ
∫
Γ
[
n∑
k=1
xkv
2 ∂xk
∂ν
]
dS −
∫
Ω
n∑
k=1
(
∂v
∂xk
)2
dV + n
2
∫
Ω
n∑
i=1
(
∂v
∂xi
)2
dV
− 1
2
μ
∫
Ω
nv2 dV. (2.4)
Since
0 = ∂v
∂ν
=
n∑
i=1
∂v
∂xi
νi =
n∑
i=1
∂v
∂xi
∂xi
∂ν
on Γ,
and ∫
Ω
n∑
k=1
(
∂v
∂xk
)2
dV =
∫
Ω
|∇v|2 dV = μ
∫
Ω
v2 dV,
by (1.2) and (2.4) we get that
0 =
∫
Ω
(v + μv)
(
n∑
k=1
xk
∂v
∂xk
)
dV
= −1
2
∫
Γ
[
n∑
i,k=1
xk
(
∂v
∂xi
)2
∂xk
∂ν
]
dS + 1
2
μ
∫
Γ
[
n∑
k=1
xkv
2 ∂xk
∂ν
]
dS −
∫
Ω
n∑
k=1
(
∂v
∂xk
)2
dV
= −1
2
∫
Γ
[
|∇v|2
(
n∑
k=1
xk
∂xk
∂ν
)]
dS + μ
2
∫
Γ
[
v2
n∑
k=1
xk
∂xk
∂ν
]
dS −
∫
Ω
n∑
k=1
(
∂v
∂xk
)2
dV,
(2.5)
i.e.,
−1
4
∫ [
|∇v|2 ∂(r
2)
∂ν
]
dS + μ
4
∫ [
v2
∂(r2)
∂ν
]
dS −
∫
|∇v|2 dV = 0. (2.6)Γ Γ Ω
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μ =
∫
Γ
[|∇v|2 ∂(r2)
∂ν
]dS + 4 ∫
Ω
|∇v|2 dV∫
Γ
[v2 ∂(r2)
∂ν
]dS
. (2.7)
Equivalently,
μ =
∫
Γ
[|∇v|2 ∂(r2)
∂ν
]dS∫
Γ
[v2 ∂(r2)
∂ν
]dS − 4 ∫
Ω
v2 dV
.
(ii) Let W be an eigenfunction corresponding to Λ in the buckling problem for Ω . Then∫
Ω
(W)2 dV − Λ
∫
Ω
|∇W |2 dV = 0. (2.8)
Since W = 0 on Γ , we know that the gradient ∇W(x) and ν(x) are parallel at each x ∈ Γ . This
implies ∇W = ∂W
∂ν
(ν1, . . . , νn) on Γ , i.e., ∂W∂xi = ∂W∂ν νi = ∂W∂ν
∂xi
∂ν
on Γ for each i (i = 1, . . . , n).
Hence from W |Γ = ∂W∂ν |Γ = 0, we have ∂W∂xi |Γ = 0 for each i (i = 1,2, . . . , n). It is easily shown
from Green’s theorem that
−
∫
Ω
(
n∑
j,k=1
∂3W
∂xk∂x
2
j
∂W
∂xk
)
dV =
∫
Ω
(
n∑
j,k=1
∂2W
∂x2j
∂2W
∂x2k
)
dV =
∫
Ω
(W)2 dV, (2.9)
and ∫
Ω
[
n∑
i,j=1
(
∂2W
∂xi∂xj
)2]
dV =
∫
Ω
(
n∑
i,j=1
∂2W
∂x2i
∂2W
∂x2j
)
dV =
∫
Ω
(W)2 dV. (2.10)
Since
(W)
(
n∑
k=1
xk
∂W
∂xk
)
=
n∑
i,j,k=1
∂4W
∂x2i ∂x
2
j
xk
∂W
∂xk
=
n∑
i,j,k=1
[
xk
∂
∂xi
(
∂3W
∂xi∂x
2
j
∂W
∂xk
)
− xk ∂
∂xj
(
∂2W
∂xi∂xj
∂2W
∂xi∂xk
)
+ 1
2
xk
∂
∂xk
(
∂2W
∂xi∂xj
)2]
,
by integration by parts, (2.9) and (2.10), we have∫
Ω
(W)
(
n∑
k=1
xk
∂W
∂xk
)
dV
=
∫
Γ
(
n∑
i,j,k=1
xk
∂3W
∂xi∂x
2
j
∂W
∂xk
∂xi
∂ν
)
dS −
∫
Γ
(
n∑
i,j,k=1
xk
∂2W
∂xi∂xj
∂2W
∂xi∂xk
∂xj
∂ν
)
dS
+ 1
2
∫ [ n∑
i,j,k=1
xk
(
∂2W
∂xi∂xj
)2
∂xk
∂ν
]
dS −
∫ ( n∑
j,k=1
∂3W
∂xk∂x
2
j
∂W
∂xk
)
dVΓ Ω
968 G. Liu / J. Math. Anal. Appl. 330 (2007) 963–975+
∫
Ω
(
n∑
i,k=1
∂2W
∂xi∂xk
∂2W
∂xi∂xk
)
dV − n
2
∫
Ω
[
n∑
i,j=1
(
∂2W
∂xi∂xj
)2]
dV
= −
∫
Γ
(
n∑
i,j,k=1
xk
∂2W
∂xi∂xj
∂2W
∂xi∂xk
∂xj
∂ν
)
dS + 1
2
∫
Γ
[
n∑
i,j,k=1
xk
(
∂2W
∂xi∂xj
)2
∂xk
∂ν
]
dS
−
∫
Ω
(
n∑
j,k=1
∂3W
∂xk∂x
2
j
∂W
∂xk
)
dV +
(
1 − n
2
)∫
Ω
[
n∑
i,j=1
(
∂2W
∂xi∂xj
)2]
dV
= −
∫
Γ
(
n∑
i,j,k=1
xk
∂2W
∂xi∂xj
∂2W
∂xi∂xk
∂xj
∂ν
)
dS + 1
2
∫
Γ
[
n∑
i,j,k=1
xk
(
∂2W
∂xi∂xj
)2
∂xk
∂ν
]
dS
+
(
2 − n
2
)∫
Ω
(W)2 dV.
Similarly, for the function ∂W
∂xi
defined in Ω¯ we find by W |Γ = ∂W∂xi |Γ = 0 that
∂2W
∂xj∂xi
= ∂
∂xj
(
∂W
∂xi
)
=
[
∂
∂ν
(
∂W
∂xi
)]
νj
= ∂
2W
∂ν2
νiνj = ∂
2W
∂ν2
∂xi
∂ν
∂xj
∂ν
on Γ, i, j = 1,2, . . . , n. (2.11)
This implies
n∑
i,j=1
∂2W
∂xi∂xj
∂2W
∂xi∂xk
∂xj
∂ν
=
n∑
i,j=1
(
∂2W
∂xi∂xj
)2
∂xk
∂ν
=
n∑
i,j=1
∂2W
∂x2i
∂2W
∂x2j
∂xk
∂ν
= (W)2 ∂xk
∂ν
on Γ.
Therefore∫
Ω
(W)
(
n∑
k=1
xk
∂W
∂xk
)
dV = −1
2
∫
Γ
(W)2
(
n∑
k=1
xk
∂xk
∂ν
)
dS
+
(
2 − n
2
)∫
Ω
(W)2 dV. (2.12)
On the other hand, it follows from [31, p. 636] and W |Γ = ∂W∂xi |Γ = 0 that∫
Ω
(W)
(
n∑
k=1
xk
∂W
∂xk
)
dV
=
∫ [ n∑
i,k=1
xk
∂W
∂xi
∂W
∂xk
∂xi
∂ν
]
dS − 1
2
∫ [ n∑
i,k=1
xk
(
∂W
∂xi
)2
∂xk
∂ν
]
dSΓ Γ
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∫
Ω
n∑
k=1
(
∂W
∂xk
)2
dV + n
2
∫
Ω
n∑
i=1
(
∂W
∂xi
)2
dV
=
(
n
2
− 1
)∫
Ω
|∇W |2 dV. (2.13)
From (1.3), (2.12) and (2.13), we have
0 =
∫
Ω
(W + ΛW)
(
n∑
k=1
xk
∂W
∂xk
)
dV
= −1
2
∫
Γ
(W)2
(
n∑
k=1
xk
∂xk
∂ν
)
dS +
(
2 − n
2
)∫
Ω
(W)2 dV
+ Λ
(
n
2
− 1
)∫
Ω
|∇W |2 dV. (2.14)
Note that
(W) =
n∑
i=1
∂2W
∂x2i
=
n∑
i=1
∂2W
∂ν2
(
∂xi
∂ν
)2
= ∂
2W
∂ν2
n∑
i=1
ν2i =
∂2W
∂ν2
on Γ. (2.15)
Hence by this, (2.8) and (2.14), we get
Λ =
∫
Γ
(W)2(
∑n
k=1 xk
∂xk
∂ν
) dS
2
∫
Ω
|∇W |2 dV =
∫
Γ
(W)2 ∂(r
2)
∂ν
dS
4
∫
Ω
|∇W |2 dV =
∫
Γ
( ∂
2W
∂ν2
)2 ∂(r
2)
∂ν
dS
4
∫
Ω
|∇W |2 dV .
(iii) Let U be a clamped plate eigenfunction corresponding to eigenvalue τ for Ω . Then∫
Ω
|U |2 dV − τ
∫
Ω
U2 dV = 0. (2.16)
Since U = ∂U
∂ν
= 0 on Γ , we have
∂U
∂xi
∣∣∣∣
Γ
= 0, i = 1,2, . . . , n,
and
∂2U
∂xi∂xj
= ∂
2U
∂ν2
∂xi
∂ν
∂xj
∂ν
on Γ, i, j = 1, . . . , n.
Similar to the argument of (ii), we have
∫
Ω
(U)
(
n∑
k=1
xk
∂U
∂xk
)
dV = −1
2
∫
Γ
(U)2
(
n∑
k=1
xk
∂xk
∂ν
)
dS
+
(
2 − n
2
)∫
(U)2 dV. (2.17)Ω
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n∑
k=1
Uxk
∂U
∂xk
= 1
2
n∑
k=1
xk
∂(U2)
∂xk
,
by integration by parts we have∫
Ω
U
(
n∑
k=1
xk
∂U
∂xk
)
dV = 1
2
∫
Γ
[
n∑
k=1
xkU
2 ∂xk
∂ν
]
− 1
2
∫
Ω
nU2 dV
= −n
2
∫
Ω
U2 dV. (2.18)
From (1.4), (2.17) and (2.18), we have
0 =
∫
Ω
(U − τU)
(
n∑
k=1
xk
∂U
∂xk
)
dV
= −1
2
∫
Γ
(U)2
(
n∑
k=1
xk
∂xk
∂ν
)
dS +
(
2 − n
2
)∫
Ω
(U)2 dV + n
2
τ
∫
Ω
U2 dV. (2.19)
Hence by this, (2.18) and (U)|Γ = ∂2U∂ν2 |Γ , we get
−1
2
∫
Γ
(U)2
(
n∑
k=1
xk
∂xk
∂ν
)
dS + 2τ
∫
Ω
U2 dV = 0,
i.e.,
τ =
∫
Γ
(U)2(
∑n
k=1 xk
∂xk
∂ν
) dS
4
∫
Ω
U2 dV
=
∫
Γ
(U)2 ∂(r
2)
∂ν
dS
8
∫
Ω
U2 dV
=
∫
Γ
( ∂
2U
∂ν2
)2 ∂(r
2)
∂ν
dS
8
∫
Ω
U2 dV
. 
Remark 2.3. It follows from the regularity of solutions for elliptic equations (see [13, Chapter 6]
and [1, p. 667]) that if Ω is a bounded domain whose boundary Γ is of class C2,β (0 < β < 1),
then the Neumann eigenfunction v ∈ C2,β(Ω¯); and if Ω is a bounded domain with boundary Γ
of class C4,β , then the buckling and clamped plate eigenfunctions W,U ∈ C4,β(Ω¯). Therefore,
Theorem 2.1 remains valid if “smooth boundary” is replaced by “boundary of class C2,β” in
the Neumann eigenvalue problem and by “boundary of class C4,β” in the buckling and clamped
plate eigenvalue problems.
3. Application to the Pompeiu problem
A nonempty bounded open subset Ω of Rn (n 2) is said to have the Pompeiu property if the
only continuous function f ∈ C(Rn) satisfying∫
σ(Ω)
f (x) dx = 0 (3.1)
for all rigid motions σ of Rn is f ≡ 0. The Pompeiu problem, in its pristine form, asks: which
sets have the Pompeiu property?
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who was the first to consider Eq. (3.1). It is proved that polygonal regions (see [7]) and proper
ellipsoids have the Pompeiu property (see [7] when n = 2 and also Johnsson [14] when n 2).
But, an n-dimensional ball of any radius r > 0 fails to have the Pompeiu property (see [39]). In
a celebrated paper [7], Brown, Schreiber and Taylor proved that if a domain Ω fails to have the
Pompeiu property, then the Fourier transform χˆΩ of the characteristic function of the set Ω van-
ishes on the complex sphere {(ξ1, . . . , ξn) ∈ Cn | ξ21 +· · ·+ ξ2n = α}. Having this result, Williams
[39] proved (also see [4]) that for a bounded domain Ω ⊂ Rn with boundary of class C2, if
the complement of the closure of Ω is connected, then the failure of the Pompeiu property is
equivalent to the well-known Schiffer conjecture:
For a bounded domain Ω ⊂ Rn with boundary Γ of class C2, if the complement of Ω¯ is
connected and if there exist α > 0 and a function v ≡ 0 such that⎧⎨
⎩
v + αv = 0 in Ω, α > 0,
v|Γ = c = constant, ∂v
∂ν
∣∣∣∣
Γ
= 0, (3.2)
then Ω is a ball.
In [40], Williams also proved that if a bounded domain Ω ⊂ Rn has a Lipschitz boundary ∂Ω ,
if the complement of Ω¯ is connected, and if Ω fails to have the Pompeiu property, then ∂Ω is
real analytic. In [11], the real analyticity of the boundary of Ω is proved under a substantially
weaker condition than Lipschitz domain by Caffarelli, Karp and Shahgholian.
The Pompeiu problem is a long-standing open problem, which has puzzled many mathemati-
cians during the past 75 years. For a magnificent exposition for the history of the problem, and
for information about various aspects of the Pompeiu problem, we refer the reader to Zalcman
[42–44] (also see [41, Section IV, Problem 80]).
From [40], one sees that it only is interesting to study the Pompeiu problem with bounded do-
main whose boundary is connected and real analytic. Therefore we restrict ourself to the bounded
domain with boundary of class C4,β . By applying Theorem 2.1, we have the following.
Theorem 3.1. Let Ω ⊂ Rn be a bounded domain with boundary Γ of class C4,β . Assume that
the complement of Ω¯ is connected. Then Ω fails to have the Pompeiu property if and only if
there is an eigenfunction W ≡ 0 corresponding to the buckling eigenvalue Λ such that ∂2W
∂ν2
|Γ is
constant, i.e.,⎧⎨
⎩
W + ΛW = 0 in Ω,
W = ∂W
∂ν
= 0, ∂
2W
∂ν2
= c1 = constant on Γ.
(3.3)
Proof. Suppose that Ω fails to have the Pompeiu property. It follows from [4] (or [39]) that there
is an eigenfunction v corresponding to the Neumann eigenvalue μ > 0 such that⎧⎨
⎩
v + μv = 0 in Ω, μ > 0,
v = c = constant, ∂v = 0 on Γ. (3.4)∂ν
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μ =
∫
Γ
(|∇v|2 ∂(r2)
∂ν
) dS + 4 ∫
Ω
|∇v|2 dV∫
Γ
v2 ∂(r
2)
∂ν
dS
.
Thus ∫
Γ
v2
∂(r2)
∂ν
dS = 0,
from which we immediately get v|Γ = c = 0 (there are many ways to prove c = 0, see [16]). Put
W = 1
μc
v − 1
μ
. Then⎧⎨
⎩
W + μW = −1 in Ω,
W = ∂W
∂ν
= 0 on Γ. (3.5)
From the proof of (ii) of Theorem 2.1 (or (2.11)), we see that
W = ∂
2W
∂ν2
on Γ.
Combining this and (3.5), we also have ∂2W
∂ν2
|Γ = −1. Therefore, W satisfies⎧⎨
⎩
W + μW = 0 in Ω,
W = ∂W
∂ν
= 0, ∂
2W
∂ν2
= c1 = constant on Γ.
That is, W ≡ 0 is a bucking eigenfunction corresponding to μ and ∂2W
∂ν2
|Γ is constant.
Conversely, if there is an eigenfunction W ≡ 0 corresponding to the buckling eigenvalue Λ
such that ∂2W
∂ν2
|Γ is constant, then, by (ii) of Theorem 2.1 we have
Λ =
∫
Γ
( ∂
2W
∂ν2
)2 ∂(r
2)
∂ν
dS
4
∫
Ω
|∇W |2 dV .
It follows from [2, pp. 388–389] that Λ1  λ2. This implies Λ > 0. Therefore we get that ∂
2W
∂ν2
=
c1 = 0 on Γ .
Now, we claim that if W is an eigenfunction corresponding to eigenvalue Λ in the buckling
problem for Ω , then W admits the following decomposition:
W = v + h in Ω, (3.6)
where
v + Λv = 0 in Ω, (3.7)
h = 0 in Ω. (3.8)
In addition, the above decomposition is unique.
In fact, let us denote W + ΛW by Λh. Since (W + ΛW) = 0 in Ω , we get that h is
a harmonic function in Ω . It follows that
(W − h) + Λ(W − h) = 0 in Ω.
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W = v˜ + h˜ satisfying v˜ + Λv˜ = 0 and h˜ = 0 in Ω . Then we have
v − v˜ = h˜ − h in Ω,
which implies
(v − v˜) = (h˜ − h) = 0 in Ω. (3.9)
On the other hand, we know
(v − v˜) + Λ(v − v˜) = 0 in Ω. (3.10)
It follows from (3.9) and (3.10) that v − v˜ = 0 in Ω , and hence h = h˜ in Ω . The claim is proved.
By (3.6) and (3.8) we have v = W in Ω , and thus
(v)|Γ = (W)|Γ .
It follows from (2.15) that (W)|Γ = ∂2W∂ν2 |Γ = c1 = constant. In view of (3.7), we immediately
obtain
v|Γ = − 1
Λ
(v)|Γ = −c1
Λ
.
Hence h satisfies{
h = 0 in Ω,
h = c1
Λ
= constant on Γ,
which implies that h is a nonzero constant c1
Λ
on Ω¯ . Combining this and (3.6)–(3.7), we have⎧⎨
⎩
v + Λv = 0 in Ω, Λ > 0,
v|Γ = constant, ∂v
∂ν
∣∣∣∣
Γ
= 0.
It follows from [4] (or [39]) that Ω fails to have the Pompeiu property. 
Theorem 3.1 shows that the Schiffer conjecture is equivalent to the following conjecture which
is expressed in terms of the buckling eigenfunction:
Conjecture. Let Ω ⊂ Rn be a bounded domain with boundary Γ of class C4,β . If the complement
of Ω¯ is connected and if there exists a buckling eigenfunction W ≡ 0 such that⎧⎨
⎩
W + ΛW = 0 in Ω,
W = ∂W
∂ν
= 0, ∂
2W
∂ν2
= c1 = constant on Γ,
(3.11)
then Ω is a ball.
Remark 3.2. It is known that for a bounded domain Ω ⊂ Rn with boundary Γ of class C4,β ,
if α is not a buckling eigenvalue, then for any φ ∈ C∞(Γ ) and ψ ∈ C∞(Γ ), there exists a unique
solution w ∈ C4(Ω¯) satisfying{
w + Λw = 0 in Ω,
w = φ, ∂w = ψ on Γ,∂ν
974 G. Liu / J. Math. Anal. Appl. 330 (2007) 963–975if α is a buckling eigenvalue, then in order to determine a buckling eigenfunction W , by Holm-
gren’s uniqueness theorem (see [32, Theorem 2, p. 42]) one had better know the boundary values
of ∂2W
∂ν2
|Γ and ∂3W∂ν3 |Γ (here W |Γ = ∂W∂ν |Γ = 0). In [16], the author proved that if there exists a
buckling eigenfunction W = 0 satisfying (3.11), then Ω is a ball if and only if the third-order
exterior normal derivative of W is a constant on ∂Ω . Furthermore, W is symmetric about the
center of the ball.
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